Worksheet 4.3 Integrating Special Functions

Section 1 EXPONENTIAL AND LOGARITHMIC FUNCTIONS

Recall from worksheet 3.10 that the derivative of e* is €®. It then follows that the anti derivative

of e” is e”:
/exd:l::e“”—l—c

In worksheet 3.10 we also discussed the derivative of e/® which is f’(x)ef@®). It then follows
that
/f’(:n)ef(”) dr = /@ 4 ¢

where f(z) can be any function. There are other ways of doing such integrations, one of which
is by substitution.

Example 1 : Evaluate the indefinite integral [ 3e***2 dz.

We recognize that 3 = %

form f'(x)ef®. Then

so that the expression we are integrating has the

/3€3x+2 dr = e3:}c+2 T

Alternatively, we could do it by substitution: let © = 3x + 2. Then du = 3dz, and

/363‘”+2 dx = /e“’ du = e = ¥ 12

Note that the integral of the function e®**? (where a and b are constants) is given by

1
/eaaz+b dr = _eaa:—i—b T+
a

Example 2 : Find the area under the curve y = 5 between 0 and 2.

2
A = /ewdx
0
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— _65x
5 :|0
1

— _610_160
d 5
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= (-1
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We used the property that for any real number z, 2° = 1.
Recall that the derivative of log,  is % Then the anti derivative of % is log, x. Notice that
L — =1 and that if we had used the rules we have developed to find the anti derivatives of

x
things like 2™, we would have the anti derivative of 27! being "’”::11 = "’“"—00 which is not defined

as we can not divide by zero. So we have the special rule for the anti derivative of 1/x:

1
/—dx:10g6x+c
x

Recall that the derivative of log, f(z) is ]}/((Z)). Then we have

() =lo z)+c
[ e = ompw)+

Example 3 : Evaluate the indefinite integral [ > dz. This has the form [ ’;((;)) dx
so we get

)
/5x+2d:v:10ge(5x+2)+c

Note that when you need to integrate a function like 1/(ax 4 b) (where a and b are constants),

then ) ) )
a
= — :—1
/a:c—i—bdm a/a:c—i—bdm aoge(ax+b)+c

Example 4 : Find the area under the curve f(z) = 1/(2z + 3) between 3 and 11.

1
A = / dx
3 2x+3

1
= 3 log, (2z + 3)}

11

3
1 1
= 510&(2 x 114 3) — §loge(2 x 3+ 3)

1 1
= §loge 25 — 510&9

= 10g6(25)% - loge(g)%

5
= 1 —
Oge 3



Section 2 INTEGRATING TRIG FUNCTIONS

To integrate trig functions we need to recall the derivatives of trig functions. We can then
work out the anti derivatives of cos z, sin x, and sec? z. For more complicated integrals we need
special techniques that you will learn in first-year maths. The derivatives of the trig functions
are:

g(x) = sin(ax +b) g (x) = acos(ar+0)

f(x) = cos(ax+b) f(xr) = —asin(ax+b)

h(z) = tan(ax+b) h(x) asec*(az + b)

Example 1 : Evaluate the indefinite integral [ sin 3z dz.

-1
/sin3xd:c = ?cos?m—i-c

Note : A good way of checking your answers to indefinite integrals is to differentiate them.
You should recover the function that you started with.

Example 2 : Find the area under the curve y = cosx between 0 and 7.

A = /QCosxdx
0

jus
= sinz|g
. T .
= sin— —sin0
2

= 1 square units

Example 3 : Find [ f(z)dx if f(z) = —3sin(3z + 2).

/ —3sin(3z + 2) dx = cos(3z + 2) + ¢

Example 4 : What is the area under the curve y = sec? 5 between 7 and 07

2
3
A = / secQEd:v
0 2

1 z]?
= —tan—
1/2 QL

3



1%
— 2% —]
an20

= 2tan%—2tan0
= 2—-0

= 2 square units

Example 5 : Evaluate the indefinite integral | 5sec? 5z dx.

/5sec25a:d:c:tan5x+c



Exercises 4.3 Integrating Special Functions

(a) Find the anti derivative of

i e iv. cos2x
ii. ver v. sec’(bz — 2)
i, 07 . 1-2

" 8+ Tz — 322 VT

(b) Evaluate

1

2
i./ e dx
0

. /1 2z + 1
11. Q—d:ﬁ
1T +ZL’+1

us

cee 4 2
iii. / sec” x dx
0
L
iv. / sin” x cos x dx
0
(a) Calculate the area under the curve y = 2= from z = 2 to x = 3.
(b)
(c)
(d) Find the points of intersection of the curve y = sinz with the line y = % and hence

find the area between the two curves (from one intersection to the next). There are
two possible areas you can end up with; choose the one above y = %

$+6_1+
r+2 x+ 2

Calculate the area under the curve y = €3* from z = 0 to x = 3.

The area under the curve y = % between x = 1 and x = b is 1 unit. What is b7

x+6dx.
2

(e) Show, by simple division, that
T

. Hence evaluate /



