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class of objecta and worphisma; for example, 19 T denotea
the topological space O two pointe jo,11 with {0} open
and {11 not ocpens then the set of open sets of any object
X e Q7 is in 2~1 correspenience with the set o (XsT) o
. qhe above idea is employed in chapter 1 to eonstruﬂﬁ
_the category éc)cf qnasiwtOpalogical bases or pre«spacesa
The category 52 of guasiwuoyslcﬁisal sPaces ané quasi~
continuous maps (Spanier [7]s B2) is $hen determined as &
full reflective subcategory of 613 I have prsved the
existence of this adjoint funehor relationsnip Tor two
reasons; the Pirst is to demonstrate (chapter a) the
induced quasiwtop01ﬁgies in of ({73 83) as ccnwequeneea _
of the limit structure of 6£)§ which is particularly simple,
end the second is to obtain (chapter 3) the cartesian
closure of o ([7]; theorenm l4sl) 88 & pesult of the cartesian
closure of éﬁ7 These observations show how Spanier’ S
axioms (2°3) and (2°4) {aexmea Q3 and Qi+ in chapter 1}
play an ancillary rble in the above menﬁionﬁd wroyerties och |
Theorem 33 of ehapter 3 is o special form of a theaxem
developed, in cellabaraticn.with G, Mo Kelly, to provide
information on full reflectiv@ subeategorles o 4%9 and
similar categories. This %hsorem and the reflechivity of
2 inkﬂclg together with itsonse, are the only original

sontributions to the £ipst three chapters of this theslies
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“ 0ﬁ_the other hand, any inﬁlasion'af_pﬁblished maﬁeriai-f
gfter ehaptsr % is referred o explicitlye | o

Cin (3] . theoren 3 %, R, Brown shows the category of
hausdorff kespaces L0 ba s cavitesian closed categorye I%
turns out that 8- sategory ;Zf of tﬂpalﬁﬂiﬁal apaces arises
naturally f fom.amhedding 57 in 2 . Horeover the full sube
. eategoyy determined by hausderff spaces in 6%?18 precisely
'uhe category of heausdorls kw@paces, ﬁhe'ﬁefinition of non~
hau“dorff kegpaces given in Relley, [6}ﬁ P 230, i8 different
to the aefznitxan of ﬁonwha. rff abjec»a in cfe'mna may |
not yield the same concepts |

One aim of this thesis 1 to show that 5;9'6005 pravia@
a suitable generaliqaﬁion of fhe cauevory of hausdorff ke~
SPECR S In chepter 5, I give the aefinltfen of & funetion
gpace topology which reduees to the erdjnary wemnmctwupen
topalogy when the domain iz a nnusdorff k«spuuc, This
definltion allows the a@aunt o; schual “tomclo~ cal caxcul»
ation" performed to be resﬁrlsued to lemma 5¢L. The cartesian
closure of d%z follows Lrom hhis lemma and, in turm, an'alterw
‘wative proof of R, Brown's result for hausdorff kwséaces i,
ehtaineda _ _ _ | |

The fundamental definitions and resulis of category .
theory - Tfor example limits, the Yoneda representsion
iheorem, the theory of adjeint funct OT8 - are assumed
frcm thé autsets Tha notation smployed far cRbescries,

funchors and limits is gufficiently standard to warrant its
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use (see [u.],, I, §l), however aeveral a‘bbreviations will
be noted"' | | . | | o
(i) Given Ca'i;egorie@ n/? and u‘gwim ,/? small, and
a func:'hor K: S > l/gg whe limit c)f K in ‘/4 (provz,de&
,ﬁ.’a exists) ia denoted ‘bgr | :

1im K = A g m&im en/ﬂ . _'

This is sbbrevisted to A (;* K wherever' the catepory
A '

'/f is indicated in the contexts Gimilarly the colimit -

of K. inv‘giﬂdemte\dhg ‘ R

- cmlim K = K oeT A
. .

| if it éxiéﬁs@ ' Fcr the case when % = .A is = discrete

catevoz»y {that 5. g the anly morphisma :Ln ﬂ are the

idenﬁi‘ty morphisms of ob,jec“ts) we put b= K(?&) for each
A€ 4 80 thai; colim K becomes the coproduct {or sum) in

' ﬂ_.ef th_e set { Al“ ¢ 4} of U‘b;uecté .o_f'x_/fr?:; and is %_vrittén

By (:z;f Shy

4

Given a family :E‘?h € ﬁ(AM}B) S of morphmms 3.11:16:&96. ‘by A s

- the Lniqua {(H morphism £ e‘/g(édf%g}}) ‘such that

| | oty = f}\, for each A € A_ -
is denoted by the row vector
f::z (eoegfﬁg;aé}
"---of ‘*leﬁgth‘? carg 4 whcse dwentry is Iy This_ notabion

¥ ab creviated to (f)
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(ii) The letter C is usad to repreaent an arbitvagx
compact hausdorff t0polagical space - thau is, & pro~
position (or statement) invglving ¢ ia.aasumeﬁ o be
.valid when C i1s any compact hauvsdorlf gpace == unless
stated otherwise. o

(iii) Full embedding functors are not named anﬁp in tha .

cese of a Tull reflective embedding UéZ d§; with reflectmcm

| s: B anéz the uymbol gk 45 also used to denote the come
posite é? § ué? ﬂﬁ?’ it is notationally convenlent to
avoid naming certain non-=full embedﬁmngs s esnvcially B
underlying-set functors -~ unless thelr presence ‘needs taq
be emphasiseds | | N |
| Finallyﬁ very litﬁle of the theory of moneidai closed
categories, as given in [4]9 is required for the folliowing
works A@ért from the definition of a monoidsl closed |
category, one theorem of existence is used together with'
the section entitled "Cartesisn Closed Categories" on

page 550 of this reference.
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CHADTRR I

Quasi-topological Spaces and Bases,

”Lef. /g denote .the '_céateag;réry'éf compact -hm::;;s.do_rff-
 gopologlical spaces and continuous .mapa ‘_’betweén them. The | ,
category &0 of gquasi~topological bases is defined as |
follows. .An objeect of &’ is a set X tagethér withy

for each g€ 159 a se'i; P(C,X) of sebt maps G = X

satisfying the axioms:
Ql,  For all C 6‘,5 5 P(Gg}{) ecntams all COns ‘tam 'mapss:-_

Q2. g€-0(c,.0,) amd £ 6 P( st)- w2 £g € P(C, oX) o

A morphism between objects ¥ and ¥ in f is a set
map L£:X =Y sguech that B | |

ge p(cym o g6 DG,Y) for all O es/ @)

Such maps Will be called ﬁﬁ =continuous.
There ig a full embeda-ing »g -%ﬂj | ?'hiéh saﬁds
B e to its underlying set with P(C, B) £ .4(C,B) and
sends f € 4 (B,_D) %o itself. This functor is ele:arly' |
falthfel and
£ € fﬁ(c X) = f.lg € P(G;X) by (%1) because
e €. (0,0) = B(C:0) 5
wb L6 P(CX) |
£ ¢ P(C,X) => £5 € P(D,X) Tor ell g€ P(D,0)=AL(D,C)
and D €., by Q2. .
= £ P(0,%) by (2°1),




Hence ﬁb(c,x) y(c,x) fop a1l C e?f anD (3-2)

‘fn perticular, for X =B si‘f o : |
N R e N L@

~If C and B have the same underlying set and £ is
the identity setb maps ‘?;hen. F is éb wt‘G"l’biI‘l‘th‘llS ife ¢ is
. eontinuous, hence G ‘and B coimme in & iff they deo
Cin < . These remarks show ﬁhat the embedding L o P is - '.
fall and objectwinaecﬁivm - | |

P'emarks In view of {l°2) the daf:.m.ng sets Tor a given

X ¢ ﬁ’ will be denoted Ty (F(CsX) «

Proposition 301 " The objects of -é’ form & ‘strong |
generabing elaas ror F 4in the sense that £ ¢ F,)
18 an isomorphism in P srp P(LT)s ﬁ’(c, ~P(s7) 18
= an isomorghism in ,J ., Tor g1l © 6“5 ' '

Progf, =» 1is cleare _ ‘

e o Taking C ¢ ‘6 t—t}"be .theapaﬁ@ .cansisﬁfmg
of one poin‘t; & ghows ‘tha‘t £ '- ig a bijee’tioﬁ by Q2
Taking C e A ggeneml then showa ‘Lhai; Z arx:‘t ¥  have
identical & watructuress |

The cawremrﬂ of qﬂaﬁlwtcepolﬁggical maws end quasis |
continuous meps (Spanﬁ.er [71s §2) 1is defined as the full
subeategory of 60 determined by those X € & which

satisfy:
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éj Given a finite (poss"bly @nlpty) aet {@ !n. €N Iof
b‘bjects C, €6 p With coproduct '
._cﬁ'_ % 5@’} .’m. f ,-'_then

- n I\i : _
.‘fﬁp(-%,xj &>f :wfﬂﬁ 5‘%7((3 ,,f;) f‘or each n Eif,
Ca N | |
Ql{-o'.. Civen a sur;;ection q € I‘f(;D,G) 4 anc“t £ ﬁ‘,eﬂ?(c,x) .
ghen £ € /C,x) «=> £ € ﬁ(n,x) .

Remark, Foz* N = ,(6 (she empty set), Q3 states that ‘i;he

 unigque set msp ,ﬁ "“X is in ﬁ(ﬁ,}{) for each X € 02

) Defz.nit:aom Por any © € ff aﬂzi X ﬁ‘ ﬁ 'i;he aeﬁ map

£3C +X is covered if Lbere eyﬁ.st a Linite (posowly’
empty) set c ]n €N I of objects 0 € { 8 wiuh cwproducﬁ

o a-—v Za infganfep(cg}i) for each nel‘ig
n % xR

and a surjecﬁien '*7 € l‘f(f‘h 9(:) sueh that

w2, |
7 - R (fn)’-"-’ (cﬁ-#sfnyﬁsé)
. £ S
- — X camzmteso

Sueh @ covering of T is denoted bJ (}“Gu o 1)

Cleam:-f QE_ am‘l Q. are, i,ogetherjf equiv J.en*t *0 Q3 .
Q3t, re %D(c,}:) Lo :r_:'e /697(0,3{)' 15 covered. |
Remarke On taking C = £ , the gﬁique set map ,@ﬁ - %

is always covered by taking N=f§ .
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_ Observe. that any D€ tf is é,,qiuaai*topalagical Spactes
Thig follows Trom | ' o |
£3C =+ D covered by (SGis fn m)' |
. N

=g fn g P{CnsD) = ’é(cﬂsﬁ) fc}z‘ each ne Ny
e by Gefinition of 6w P, -
(fn =t ¢ G (Lcm‘ﬁ) R

Cas T et {C,D) because n iz a con"c.:z,nuaus .
surjection bc*bween compact hauadorff spaces and is COTl=
seq,uently a tcpclogieal idemixaca'bian map,

B 05’(65.3‘.)) by defimt:?rm e;t“ (f»a s

as x*equired for Qj‘

; Praposiw“ ion 12 2q

@ ig a full reflecaive suwategcry of 429

m 2 is :f‘u_l?.:i. in P vy ﬂ,efiniticm Defima tho -
reflectirig functor - Fs &£ 5 P on chjects B8
X = set X with f € OD(G,FX) Afr T is caveééd;_ :
£ e P(C,X) - £ covered by (C,£41) |
B => 7 e (P (C,FX) , | o o
fees P(C,X) cP(C,FE) forall Cef,XeP o (1o1)
We require (a) Fre, and |
(B PELY) = P(%,Y) for sll Xe@ , ¥ e2,
| | | | %0 hold.
(a} : Ql is satisfied ‘rsz.r’. {111},
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92» iven &€ {{D,G) and (230 g-& m) Gwering
| f‘ C-+ Xy tet

| (h,p&,B) = pullmback {g,m) 1in £
'('this 15.:11:1% exists ‘by' the' comples'a;enes_s of ’6‘)0 o

| B > ZC, o
> .

.——-m——w——a»C

\Then ;& is a cantlnuaus suraemiom Also B may be

represente@. as a sum in £ let D, = 1(8 ) with the
subspace topology ln B, then
e L‘D' in ,ef, o
h .

ﬁecause h is sontinuoug, each h (c) is clen, and

closed in‘ B Whence B -:7-33‘} in «f For pach n € N -

let =1'1.1,!‘ € ‘6 be the mep defined by =

h .
20D, >ZCh
Dn - = Cn

acommnut e

o o4, denote coproduct inclusions).  Then, by Q2. for X
nn _ - - b




f,,hn' ¢ (P(D,, X} for all n ¢ N 'y BO (Zm.,fnm sb)  covers -
‘ e R RS ¥ s EE
fg es required for
| - £8 € P(DFX)
g3 Given a cover '(Ecngfh,n) of £:0-+X and
_ o N SR

a cover QPDmggmag) of gD X i

. we obtaln a cover for (ﬁg) c E D= X fﬁam the diagrami

where:'ﬁ + p is e conbinucusg surjection since both 77 _aﬁﬁ
i  are (uomarked arrows denote coproduct inclusions in 15 }e
Also o | _

(£,8) (74} = (£7:61) = (eoos Tnpeses Broees)

as required for (£,2) 6 ﬁp(q§D9FX) -

. This verifies Q3 for the case of an indexing seh of-
cardinal two which, together with the fact that - X is

slways covered, elearﬁy auffices for the gancral Cas,

;:wfhﬁ,k‘m%m\m‘mwmrmmmmwmmhmﬁm :

o
>

4
i

R




| Q&af' SRPPODG fn is cover-ed by (2GM fn,iu) where -
- N

'. 7 e{: (C D) is- a surjection and £:D = X is any sel map. "
fThsn £ is covered by (Z0ns fhanp ) and so is in
J’(J:},FX) . N o )

(o) o J).(FX,Y) = P(X,Y) "‘o.r 2ll X €L, YD,

N
£ e P (3x,7) = fg € P(G,¥) for all g € FP(C,FX) by (3,51)

=> £g € P (C,Y) for all g € P(C,x) by (1°4)
= g e P(RY) by Q1) .
' fé@@g)=»fnu?mﬂ)mr@1nc@ummbyuq)
| R fsf&‘&?(cs‘.{j for all g € (P (C,F: )

?330311 6 g ¢ P (c FX) =» g is covered by (EJGn s 80 9?7)
- Lz  covered by (Zcmfé;n 97?)

(£4n)

- _ ) _ > v
heme fg-_é::’ﬁp (C, Y)' by QB' for Y € Q' s as requirsd by
(1°1) for ¢ eP (E.Kgf) '

- By (b}, F is nncessam'fg glven on morphlsms by

Fyy = P 1) | T—}_ﬁa 1aﬁy)§)(:{9}:“’i’) = JQ(FX;,FY.). *_rzhex*e o

By € F A, 7)) = P (7Y, 7Y) corresponds %0 ey |

That is, By is the identity set map for all Yel . (1*5)

‘(sxnca_ i‘gne’ 7 ((}a;.{) for all ne€ ET) -




_'By'_Ql ‘hhax’*e exiss'ts a unique & mstz’*uature on a'sinp'le

point ¥  and this cor m‘!s’ to 'f;ﬁ%?» generator of «5 unﬂer
the inelusion 5 -t 60. Vie rrL,y ‘a,hus denste this objeet of JD
by #

Proposition 1°3. The underlyin ‘”’ﬁeia funetor WU F «w?f :

(b} Thas an adjoint and a cosdjoint and
(e} is represented by ¥ ,
PI"Q%& {:"1) is tplvisgl, _
(b) An ad ot De J ﬁ Lo U ds g‘wen bj _
DX = ae’ i With.ﬁgﬁﬁ,x)_ﬁ all constant maps:
, . : . Gw}iﬁ.fgmall C‘-E’gé
Clearly DX ¢ P ond @(mm*) = of (x,0%) for ali

p . | -

.zié‘,d ancl ”:.“ € f . _ _ _

4 coadjoint T ,ef J’ to U is given by TX = set X
w!m 00((‘} %) =of (C,¥) for oll C ¢ ’g Again 1t is clear
that TX e P an!:’i.,(’f{?}‘f,ﬁ = P(Y,7% for all X r:,;fg 54 eé’v”f,
(e} A natuwsl isomorphilsm U -(P f*iﬂs»ﬁ) is provided by

P,7) = P(34,¥) by definition of = in P,
,;—./f (7,UY)  on taking ¥ = ¢ s)zf in {BY oo

Uy sor ali ¥ e (P,

O

HE

QOPDLlﬂ”y L2l

The ;g:sx'*o};er{:ies {a), (b}, =nd {e) 2lso hold for ‘52"\

' composite & - V4 -%Ja




.'Pr'oof; (a) anc’i (c) are u‘bvious rrom () and (c) for U

end the fact 4hat ® g é‘) is an o'bjcct or .

(b) - By‘ bepO“l‘ﬁlon l 2 and (‘b) for U we have thab
A3 P E 2 1s sdjoint to Qs P 84 . Because

TX ¢ & for'all X ezf the aoaﬁjoint of L+ &P g J is

glven simply as the fectoris aﬁion of ﬁf z 679 through

2P

Revna:ﬁ_{,, There sre two FP~structures on the empty set .

They ere = - o ' '
B, = Dﬁﬁ g‘iven by CP(Gﬁﬁ) ;?5_ for 21l O e,g’

and ,(dl g:hmn be(G {51) = B for aall C,:é;?ﬁ in’g
s | | _nlﬁforc g in-t

Howvar- E“ﬁ = ﬁ pecause £ - X is covared for a’ll

X e (.’P s &8 pwev;ously reﬂafw:ecig

Y

Mo confu..;lcn will arlso if we reszme the omis iO:ﬂ. off

the symbol U ,
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Lindta ond Golirn:%,ta,_ .

? Limlw and c:o"! imits in tn@ Gauegﬁl“‘y f are deami’baa '
by the folloﬁing; @f"@oammns@

;’Pm::asit.:.on 2«1

For an az*bi‘f:raz*y- umal:t. category A and functor

-K‘# ﬂo 1e’ﬁ X o KA e the l.miiﬁ of the cm*zmgsi
A

,Al P s ,ef Then zl; & Ea is the 1imit. o:t‘

Rid = P 1r % is given dtn by

£ e P (0,2 e GiA.af ¢ ﬁ’ (cgm} _fcr all C ¢ {faml A e.wél (a, 1) ¢

Proof. Glersrm Xy o, e"@ rcar 1 Aeﬁ Suppose

¥ ﬁ;* XA i3 a i‘amily of morphimw :m ﬂ’ z.n;iexea by obj v4—,
A

- such 1;:;,_&13 E_f_g,ffA = ,(':?B Top all A, B E.\/Q’g by v’f-'ué?»-(AB) "
Then, because X is the linis or JQ. 33 éDw»,gf »
2! ged (¥,%) such thas o
' Qﬁﬁsgﬁ‘:ﬁ Lor '8.11 AE},"A— ¥

Horeover ge (¥,X) becavse € ¢ 4 and noe P (¢,1)
| m»:r’"BAh ¢ P(C,RA) all 4 64 since 8, @60

=> a,gh €P{C;RA) since tx! = g, for all A ed.
=>  gh eP(C,x) 1By (2:1) ,
Hence 1im B = X =% Ka .o

%4

T N e P




o fdxv each A c‘/g ?:ae%c.a.use'j ¥ ig the colimit of

- Prrmositmn 2@ 29 : | R IEE A SR ' _ :

For an arbi‘urary uﬂlﬂll category ;/4 and functor

K:ﬂ» P et KA g X be the colimit of the composite.
| '
ﬁ-; éO J. Then BA c{'* X is the colimit of Ki ﬂv& /2
4 X is dei’incd in ﬁ by

| :f' € /—"(c X) o= £ is cons ﬁant or 3 ae L, g e EA) |
‘ such that I = LRI | - (2*2)

for all G ¢ é’

Proof, Glearly Xe F and ch € /9 for all A€ u‘g i

KA ;3"" Y’ i¢ o family of morphia}m in ﬂo inﬁexea 'bg '
o A

ob3A am-such that ﬁB«,Kf £ @, forall A,B e ona
£ ¢ HnB) , then ! h é.“/:?(}{g‘.{)  such that hoo, =8, '

a‘g—& W—-uff Horeover h g F(KEY) heaauqe

S

£ ¢ Pc,x) => £ is constant ord A cl/% g cﬁ(c .ch)

ag~fsby (22)

‘with «© A

_::sa» hi‘ 1s constant or b = mAﬁg _
L = 8.8 ¢ /C, "

_since B, € P(m,y) . | |
= hfe%”(c*f) , for all Ge €. -

Hence XA a;’ % becomes the colimit of K o o
- A _ : o L 4




.. The 'follewing general theoremé:i‘ cata'gery thecory is -
rec_oraed (without ;proof)' for future refersnce, |
Theorem 23 7

Snppcb& ‘/‘74 is g full reflective uubcate ory of é)

{(the inclusion & - @ havim ad;]aim 8 with. COrT e
.5ponﬁ.i natural ﬁrqnsfomat’ion
_ 'ﬁsl' -+ 515 -+ 729) .and
_Ks</7 L/gis a functor w::.th :/V a small G&t@ﬁﬂ“}f& Then
(a) 6’ complete = aé/'zcompleteg with
©iing a4 lnk &, emd
() ﬁcocemplete => S cacompie_te; with

colin X inde T o X 57 5%
wo Px

where Ki #"—% ¥ = colimX 4n A,
Mo | -

Th.is tneorem will now ‘kzc emplayed tc desc:@ibe TWe typea
- of colimit in o? « By pr*opoaitmn 2+2 the coproduct in éﬁ)
of a set (X, |A ¢ 4} of Pocvjects in X, o= 5Ky » wheTE

%4
ﬁxm = the disjoint union of the sets Xy ) ¢ }
) T o . ek
&, = the A-inclusion map, : { - ”

ﬁogether vith fe ﬁ(cgmh) w=> £ =0,g for sme |
24 end ge F(C.X ) (2¢k)

(4his condition includes the case where f 1is conm‘bant}e




" In this manner | ZXX | becomes a ﬁﬂcb,jeet.which-'we denota.

. A

By ﬁheorcm 2e3(b) the coproduch in éZ of a set
X l?x € A} of. o?mobjccts is givm by K)T"—"Ey'?\ s With |
ﬁXA a‘md O"?L. as. in (2 3), togathez* with

a f € Q(nghﬁ)m 3 a cover (20 5:? gn) oi“ £ Wiﬁh'-
| f € JO(G 5Z}C)L) for eaeh ne N ¢

Hence ZKA beccmes ao?uca‘b;iect which we deneﬁa ‘by ZX?L »

. Pz‘e"posié'imﬂ 2*11.‘

te o‘?(cgz:rﬂ)u T a cover (zc o £ ol )' of f‘"w:i;tn_

He A an& 'f.‘ € Q(C ,X) for cach m € N e

' Pi”ﬁﬂfe

'.'<m - is ciear because Ii‘ € Q(G LX) *@(C} 2 %n ) heme |
o, € &O.(Xr'lgz Y == e f € W(c %jx?t) by (Le J.),; for each n € H.«, -

_ _ —-=:> f € Q(CQEAA) by Q3!
=5, :é' € Q(ng}xx)w 3 a cover (L‘D 91'; ,17) of f with
hme éO(D ,L‘Xl) for emh. me . |

To reduce this cover to the given form, let B = 2D

sumed in € over all £ € ¥ for which

= . > 5K ' | |
AR e a e s

Loy some hfﬁe 9(}) X Y = by (2%), any iz. e/{'D @‘AA) hao

such a factorisation for a unique n € 4 o ZD,  can now e
: M




Writtan as EB- “Yor a rinite %?Qg%é We g o T
o xR

Let Cn = 7{B ) » with the subspace topology :!.n C ,

and ?7n B-. - Cn be the corresvon@.ing surjection induce&

by n « Then G = 5Cn 1né ‘becau.ae _

(i) - '.r;' is a surjection so C = ‘:3'77 () s :
(ii) the 7(Bn) sre disjoint in C for,
‘x e nlE)n 7;(1%-) s PEnel
= X = n(hn) ==n(h~) for some Tn 6’3‘19 b.« € B
= fn(bn) fn('r») in EXA
ﬁontz'ary to the definition cf Bn in (2¢5) bec
Tnn % = § Tor nﬁreNCA,
(311) 7(%) 1s closed in C for each.n e N , oince
Bp eompaecg -.?2 continuous '
= (B} compact :'Ln Cy

b ?’](Bn) cloue& in ¢ s::_-me‘ Cﬁ _is hausdorff.

Again, £(Cn) = £ () K_Xn vy (2°5) and
Y | T i}
14

{(hm)

c ——TX,

t £ : commutes by definition of cover, ||

g0 £ induces a seb map Lh:0h - Xy such that




L R OO e P Y R O N L s nf,--*-:--‘s S

- Bn e EDE'”'

- commubes for each n € N,

This means £ - is covered by (znp. by em n) whence

£ eQ{Gngxn) by Q3' for X, so@ Mareover-

£ = (a ) :C =20 —-}%XA 'by definition. of £, 0 80

N

(‘gcri’ anfngl) - is a cover of the rec;uzrad fqrm. -

'l‘he covars needed o descri’be L}{A mnay 'ths be 7

reduced 0 2 canonicaz. fozm,,, ihis is alsa 'i;me TOr CcO~

| egualisers ind .

P.‘PQ})OuiﬁiO}.’l 295; _ B , _ .
A mep ne@ (X;Y) is a c¢oegualiser in (77 ife
(a) it is a surjection, and . :
(v) fe F(CY) w £ =g for éﬁma g€ P(C;X) .
Proof, | | . . |
(i) Given bs 1«: € ﬁ(aga) s det V= coequ. {1,X%)

in;f,, then ?2_ i 8 sur;}ectioxz.
Z S W Y a




* Mmm%mmum@mm S RS < o o

_ By proPOSition.z'z, coegl. (hgk) in ¢¢D is the sed Y
_with £e JZKGQY)<=$ £ factors in P throuoh 7 (ﬁhis

ineludes the cases wbere T ia constant and where T

factors in /2 through 7h = 7k Yo

.  (1) Given 7 € ézkst) aatisf&inﬁ (a) and. (b)g let

(Z)h,K) be the dicoriminamt of 7 in P, wy propamluion
2+*1 this diseriminant both exisis anﬂ is the diucrimlnanb

of 7 in Zf hence

_ n coeqUe (hgx) in .Zf by (a)

whiéh implies 7 -=-ceequ¢ (hsk) in 6@3 by (b}s uogctner with

CH

part (1) of this proofc _
._ Coeqnalisars in 52 may thus be describhﬁg uS&ny
 fheorem 2°3(b), as maps 7 € SQ(Kyk} such tnaﬁ o
(a) 7 is a surjeciion, snd

(v) £ c.Q(cg ) e E{ o cover (SC .f, ) of £ wiuh
] 3 ¢
B, ﬂgh, for scme gn € ;2{c$§x)
| &ﬂd gach n € ¥ . |
The latter conditicn entails tke cemmutaﬁivity af bath

trisngles in :

| (g,) |
Ecn ——= X

B l(\ [n
c

L)
i .
f\;ﬁf‘

consequently (b) Decomest

Ky Chomss

B -




£e Q(c,y)«m:- Ja pe ff’_ s & surjection i ¢ rf(a,c) .
: amd a g€ QQ(DQX) such that

:“ . S g o
3 “_n——-—évx“f-
S 'G-f§~—>Y - eommutes,;
‘This means thaﬁ amap 7€ JQ(XQY) is a coaqualiser in
32 4ff 7 is a surjeetion and Y has the guotienﬁ quasiw
7: tcpo1ogy induced by 7 (upanier [7], §3)4-

In conﬁludxng thim chapiter we emphaﬂise a type of
'1imiu in cfj which is of 1mnortance in the SE”E&I« The-
- in'piag'by' |

| proPOSitian 2*15 the aeﬁ (or cartesiﬁn) proﬂvct
j{:z.":a_ ey

ot the unﬁarlging setug together with

. product of tmo ebjectg Xl snd X

T = (fa)ﬁ/ _c,}:lxxa)em-:a 2 sﬁ(cp},,l) and £, 3%?(053&2) .

e o8 &Oqc thxa)‘fﬁ P e P(c,xl} ‘and caiai; g ﬁ(cyxz}

Put%ing fl “1? and f = Unf g this can be expressed .

i

-4

-
A




CHAPTIR 3»

Cartesian Clo,,m’e of the Category of Bages,

Givcn Lg ,Og and Ygz. e/ﬁ p deﬁ‘im the com};onent
:,,eﬁ’(xgﬁ(ygz)) o F (X 2)

of 2 na%ural tmns:f:emzation ﬁ.if; by

“oyz(8) = X x Y___ 3 Pir,mw -GXZ_ 2

for all f € ﬂg(}; P(Y,Z’i) ¢ where the evaluation man e,i,?
is given as eYz(_b.:,y) = n(y) for all " h e fj(“:f,z) and ¥y € ¥

. and is natural in each variable.

-Dei‘inimom An inﬁevnal hom-functor
C (y)e VA x/D - P

is defined for P ag Followse. Giverx ob,;ecte' X, ¥ € /D lek

(X,¥) e the set F(x ¥)  together with

and for morphirma £ &P (Xs X‘) and g f&'éO(Y,,Y‘\ let
(£,8) = (P e)t (Kﬂ) X"g‘i“) as & seb mape Then
(i) we obtain (;\.g‘i) & JD from ' |

2. glven any 2 € ‘g(CQL’) a,n«l L e W(D;(X Y)) then,

fg € P(G (X,¥)) since
sxl fxl ' X e
w(fg) = Cx X = DxX = p(}ng)gX - X

Caxd K (£) | .
s CxX =+ DxX = Y is mé@(cx:{;f)

T el {C;(kg‘f‘)) <= () e (CxxsY) Tor all C & ‘5. (3;;}
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'becausa #C(f) € éD(DxX,Y) ’ and _ S
Ql. fop any fi* - {X,Y) fc‘(i‘) €W(”’x}£ Y) GOrres;ponds
to £(*) ¢ P(,{gy) s under the obvious bijection, This,
mgcther with Q2e 4 glves Qs - _ . . R

(i1)  (reg):(x,Y) - (x’,Y’) 18 P=continuous because
o h eﬁ(c (igl)) => &(h) is pwcontinuoug by (3°}.) ' s

=M ((£yg) *h)=CxX' = CxX =~ Y - y!
PR | Ixt fﬁ'(h) g

is fj--continvoue. ' '

| = (£,8)°n ¢ A, (X%Y')) by (3¢ 13

for all © et .

Propcs:tion %e1. ﬁ:s.s & csvtasian elosed cauerory, as’

“defined by m.lenberg and Kelly in | 143 IV, 82,

Proof, The evaluation map e*fj(x Y) x Xy is a
p«-csnﬁimous map  e3 (X)) X = Y : : (3%5)'
becauseg for gll C ¢ {

(f) e, (XsYJMJ => f M"’(GQ(XSY)) and g ¢ ﬁ(ch)
= K6(2) €dexx,Y) , by (301), and

(g> €P(C,Cxx)

= K‘(f)(l) € o,1) |
o~ () J‘O(G Y} because

e(i) = K{f) 1;) by definition of ® ,
&




‘- The.map = ¢ X (f,)s:x\:) defined by r(:,.) (y) - (.&g}}')

for all x ¢ Xpyey is Wucentinusus. o (323)
‘This follw:;rs from - _ - ' . o _ -
£ e(Cyx) => K(:f*i?) fxl g &'D(cxr,}rx‘f) for all Ce K . i

_ } nﬁ» rf .:Ls pwcontmuoua by (5 1).
Results (3‘2) and (303) allow & natural isomorvh.afm

xoﬁ(xxr,é)-»do(x, (t,2)) | (3en)
'te be defined as. ' _
C#(h) = X 3 (YsXx:Y) o (Y Z) for.all h € (P(xx¥,7)
fx:l (Yg Z)K Y

with inverse # (:ﬁ’) X x ¥ 3-2: for ail
£ e AP nn) .
ﬁ{#ﬁl(f)) = f .X'-?. (v JZ) | becau;e
@) 2) (y) = <<m (£))r) () (7)
| | (= He) o m Gy
(f‘)("{;y) ) |
= .r.(;;).(y)_. for all x e X, ¥ e'Y_a

t O

ﬁn )

Similarly o lm = 1 .

| Be.cause ﬂj ig cbmple’tze, it has a cavrtesian '-mgno.idal”
structure ([L;];__Il?’, 82) which is normalised ({4}, polisl)
.y '“by U 1P A together with the natural isomorphism

AL 50(*,,-) given in proposition 1°3(ec), The final

result may now be obtained from [4), theowvem 11,5, S




) R A PR R T R R A A kB R B €O, 8 o e o O *

A natural iaomcrphism
133 (XxY, 7) = (Xr (Ya Z))

: is given ‘b;gr [4], IIQ (3°3.8) such tha‘b T = Up .

' Garallar;g 502 _ _
I u@ :§.<‘ 8 full subcategary of 6D sv.ch tha‘!;

(aB) ¢ 4 for all Ay Be‘./él,

¢ ¢ A

AxB=AxB in (P, for awl ABed,
i ?

' ’then A has & éirectly induced cwtesian closed utmctnre

from @f o _ . o

| Proots | The'abévedaﬁa may 'bé '-comﬁléted by the full
embedding of JQ in > together with propooitian 5%
Any :f‘aithful functor reflects ccmuuting disgramns uo the
! _axic:msgfor A poilow from thase for f? ;

'Th@orem 30 Zg. Suppose ./éz is a full Pefl ective sub-
catemry of 60 s With rei’? ec’tincr functor S P 479
and with corresponding BX e P(X,8%) tibe ié.ent:s:t; seb
‘mep for all X¢ 0’ (hence P (8X,4) = @(x,a) for all
ae A and "X € (P). 'Then the i“cﬁ.:}.r:minu are aqumwlan?
W) e, rcd = @) ed
(31 cetsaeld = (C,a) ¢ Ao
(iii)_ | xe@’ Aed = (s, A) = (XA)

b
F2ag
i
T..!“

eI R

A
R

R
RS e S




Ay x,y ¢ P=b s(}wr) 8X x 8Y . .

18), Geéyxeé’w s(cxx)=0xsx._"

Proote
(1) = (11) trivially.
(11) w(iai). For all cmf,,p,eﬂa XeP,

G}(C (stﬁ))

e

GZ‘(SX,(Cg_A)) by p:c“oposition 33
P(X,(Con)) Dacause (Csa) € Av
= @(C(X,A}) - by proposition 3°1. |

i

ohig compasite is cleax-ly the iden’tity set mﬂp so
'(sng) = (XQA) by pmposmion 1l o

(111) => _(iv) ¥or all x;r ¢ 63 and A€ wﬁz
P(s(xx¥) ;A) P(xxEy8)
p(xpma)} by (3‘24-)
P X, (SY,4)) by (111) ,
- (P(sY(xp)) by proposition 3‘1
= (P(SY,(8XeA) )by (144) | |
f(SXg(SY@A)) by proposition 3¢1
F(S¥Xx8Y;4) by (3°L) »

i ut !i

ﬂ&

HE

[

Becausé {:‘a’x:}: - 8K is the ildentity setb 'maﬁg for ail

X € & 9 it is again obviocus ‘théﬁ the sbove cémpos;i‘i;e of
isomorphisms is the ifiexitit;v' maps. Hence
A(3(xx¥) 08) = I (SXxSY, ) for all A € A

because i is a full peflective subsategory of @? + By

' the representation thecrem,; the canonical map




S

o S(XxY)4+.SXfoSY ia_thus aﬁ.isbmofﬁhism in.uéz,-hence'in dQ.'
§ vy = (1) . Forall x€¢ Pama ae 4
ﬁ(xA)g(X,A) - 8(X,A) is ﬂgeéantinnous,_

Its inverse ﬁ(;i) is aiso &pncontinuous'because, being

- the identity sef mapy it is the imsge o:f 1()%) 'uﬁder the -

3 " fallowing compcsitﬁun of isomorphisma’

N () (60) E PG 18) By (30)

= | Cw P(E((X0)% X),4)

: | | _ = P(s(X,4) x ¢ 'SX, A) by (iv)

P o S = PP (m) x 5K A) 'becau.sc % g
| :?' | | foé.a-full feflective embeddlng, . _ |

- - e PG X)) By (i) |
e - Petnexn i

ﬁ?; -

P, (%A) by (3)
Finally (iv) = (v)' tvivxally, and
(v) w(iii) . Forall ¢e¢b, Aeuﬁ xe'&f*’
@(c (8%:4)) = P(CxsX,8) by (3+4)
F(s(ea),n) wr (v, |
P (Cxx,n) - | ’
P(0,(%,8)) by (3°4)

i

#

it

- This composite iz the identiﬁy set map again. Hence

(SX,A} = (X,4) by yropgsitién.l°l —_— - o §




Proposition 3el. -

The category - of theorem 3*3.15; a fortiori, a

cartesian closed c¢ategory if it satisfies condition (i)¢ .

Proof. Let X =B € 4 in_(i)g then (B,a) € ”éﬁfor all
Bsa € 4. By theorem 2°3 (a) we have

Ax B = A)}B for all A;B‘"’Q"and

# = the terminal object of '095 in ‘ALa

The result follows from corollary 32,

orollary 3°5,

2 48 a cartesian éléﬂed'eétegobﬁ;
Proof.- Taking.tél-zéz and 8 = P  in theorem 33, it
suffices by proposition 34 to vérify condition (v)e.
The canonical map ) | o |
F{CxX) ~ C x FX i8 triviélly Gﬂmeogtinuéus by
.defiﬁition of C x FX in F (prOpasiﬁion 271), Thiz map

is the identity on sets, and its inverse is @?mcontinuons '

because ( \e ' . . | o
: f;'/ ﬁ{DQCKF}_{)% g€ 4 (D:0) and he (P(D,FX)

> g ¢ £(D,;C) : and = inn' o
P () i\ (ny)
v :
b #ﬁir§‘x.

commates for some cover (EDn,hﬁgﬂ) of ho.
H e

T T
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- P e.g(D'sd)' e
PARY

(ixﬂn) - (b))

== Cud
La

CxD

conrmutes, Where'_ (lxnn) -8 & continuous surjection
because 0 x =~ s-f-» —{; preserves flnite coproducts and
all epimorphisms in -’é 5 |

= g e—é’(D,c) and 1 xh e@(c:xn,?(cxx))

since 1 x h' is covered,

 ; = (1xh) () (n) ¢ @(n,}s‘(c@)), :E'or, alll be {;"

as required by (1"1),- This completes the proafs
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- Kesnases.

Hencefonth J vull aemte the catebwy of 1;0;30 ogical

gpaces Xy ¥y Zs ees and continuous maps, while general.

objects of F will be denoted by letters P, Qs coe o The

letter T will denmote the set {0,1} orf two poinis with

the nonwextremal topology = [0} open and {1} not opens

- Clearly

fe j(}igY) & hi" € 'j(xg'l‘} for all B € TJor, Yy (Led)
J cen be embedded (nsn-»ful] ¥) in ) ¢ hence in P 4
by toking X € J %o the set X with

Pe,x) = J(ox) forall Ced . (4e2)
end 7 € J(X,¥Y) %o the set map £ which is clearly -
Pecontinuous (as in Spanier [7], 52).

Definition. A full subeategory K or J is defines

by the topological spaces X for which _ _ _
P,y = J5,1) - (4=3
Such t—apologieal gpaces will ‘ma ¢alled j{ »IPBCGES.

:»v (l;=2) the eatemry € crf compach huﬁudori’i‘

 spaces fommg a full nhaaﬁegow of ﬂ Uaing the obvious

corresponience belbtween the open (msp’i" closed) sets of a

topological gpace X and the clements of Lj(z\g,.i,) we can

rephrase {4°3) as: a topniogical space K is aﬂ_ms}pﬂca ite




==
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; Vc K is open {respt. c'los'ed)' in K e | =
for eh ¢ 6 € amd ge Jio, K)y the set . (4°3)'

 _ g (V) is open (respce ¢lo sed) in C 4
Proposition liel, : = C
- Keg j is a- /(--s*aace 178 W(Kgm j(K,}{) for all

L K== .._Talce X = T . .
=%+ TForall X e j j(K,,X) < @(z«:,x) by the
embedd"?ng j /9 and _
fe &D(Mx) > 1t e PE,1) by (1#3.), for a1 o
Be J(xm) < Px,T)

et nfoe J(Kﬁ) by fz.;. 3)? Por all
1’1 g€ j(xam)

s :C’ & j(h %) by (i;. 1), o8 1*equ1reaa

Théorém hLe2.

j(iu 8. full ref"f ective subca’ceg,org of fj

Proof. Take X =-L € K in proposition Lpl., Then
_/)(1{91.} = J(K,L) =f((1€,1;) , 50 K is.a full subealegory
of f) | _ .

Given P g /D&efine a toyslagical spate B8P ., :fi‘bh
the same u*n.»:lrarl"ring set as P 4 b;r




| __This Simply states thab vegp is open iff g (v)'
15 open in G :E‘o;é pll C e and ge A(Cp) , 6P is
._ a topolegical space becsuse ﬁ and 6? are clearly cpen
end if {Vn[n ¢ H} is & finiﬁ* set of oyen sets V c=uP"
then ' S T | | C

ul(lzvn) = 5 gﬁl(‘fn)_

im open in C for il € ejf' and g ¢ éD(GQP) . Similar-

iy aybitrery unions of open sebs ares open in 8P ﬁur,

'beca&se _ : :
T QJ(SPSX) s G (‘:‘Lﬂ g gé‘ﬂ(g P) anﬁ. h Cj(XgT)

- o=b hf etjﬁ E§T)

= wp el by <4eu)
= heg C,T) by (1°1)
= ufg e/(c,m) by (4°2) .

Honce f£g & J(CsX) =dXCsx) by (L,w.l) and (L;.w.fz)5 for all
¢ ¢ € and g & dO(G$P) ¢ This implies ¥ eéDCng) by.
(11) & _.' o f |
Conversely £ ¢ (P(P,X) and n ¢ J(¥,1)

= nf ¢ F(P,T) by (1° J.) beeause \7(:{ 7 c&o(xgﬁ}
| = hf ¢ J(sP.T) by (Lls) .
Hence £ @n;imP9X) by (Le1) .

ﬂ@mq%@m  ’f  "T  (ot

 T(o0sx) =P(2ex) for il P e am xe T _(L;«;f;)'




ST AR 2l Z

p e/‘f’ ) X aj:@ 4’-’3( B,X) 3#7(33? x) = \7(‘.,1“-953{) .

(.14 *5)s s1 P jis a&join‘b t0 the embedding :
._7 Pwith By€ AP(r, 5p) the identity set map

obtained i‘rom : o
N 1S j(sms:?) = W(P,SP) L (uee)

on putting X = SP in (L:u'ph This means

W(SP,Q) Cp{PgQ) for all " Pg Q “:ég

©In particulars for Q=X in J ,

ﬁ(Pax} - TRy by @)
BV 2 1% I |
< W(P;K) g0 that

follz:mrs frcm Proposition Lg.*l that s
SP € 7( f0$, a1l pe o o ()
whenes, ‘b:;* (4s5), K is a full'ref eetive subcategox*y m.

# . By (L°6) the as waiaﬁeﬁ natural tran i‘omaﬁion
B:1 = 8¢ /2 W is the identliy setk map in each components

The clasa of :csbjec,té and mopphisms in A~ arising - '

' from the asbove embedding of f, in Vi will be idezrz;:i.fiéd

with .7{ s If a2 _aymhcs}. had been assigned to the non-=full

| embedding

J = P
the notation of the theory would be cumberaocms, However,

because this symbol was omitied, care must be taken to state

‘whether an equality {or, more generally, an isomorphism)




| of abjects X,Y € C7'occurs in L7'or in éo . Fcr exampleg'
 SX s X in \jf iff X €J7/ (see Propamition.MGB), .On the
other hand, 1.6 P(%,%) = J(SK,JL on taking P =X € J
in (4°5) apd ﬂ & ﬁ(x,sy) is, 13; (4“’6)# the idenuity |

set map hence - ; : S B o
. sx X info foz«an xesj o (4e8)
This means, in.aaaitiang bhut the catewafy Jﬁf eonsidere&

| in P is precisaly the full subcategory deterninﬁd b;
enbedding J in /0

Exoposition 3. o0 v e
_j( is & full corefleetiva subcaﬁewavy of C7
P“OOfo By (4 8) . e D R
W(Pgsx)- = a"’?(mx) for &1l P é‘ﬁ, 'x Gj T (ue9)

Letting P = Ke‘J’C | e ' '
B lf(xi,js}f) = P(E SX) since 8% gj( w (Lg*?)
IR 7 ama K ig a full subeategaﬁ; of fD
P(RsX) oy {4>9)

i

| ;ﬁ“57(39X) by Proposition Le°i, for
a1l X& J. Hemco ‘
C(8,5%) = J(8,%) for all K¢ K and x¢ J.  (we10)

In other words, the composite ;7j¢(¢?-§ Jﬁfis_the

required coreflection,

R




o " For the ino’menﬁ the éampcaite o R BRI

TP 3K

' will be demoted 'b;y’ R o enable (Lz. 10) to ve writien s

%(Kﬂ{}i)-z J(k,x)  for all K e and X ﬁ-J.@

: Putting K = R}E We see that

oy ]’C(Pu»:gax} = ﬂm{,:c)

yieme the ee*@ovzem a‘{ € L7(RX x) of a natural trans—
i‘ormation Ci3R -» L 1T - j Sz,quivalemlyg using the usual

‘notation for duals ([L;.], e 42h) 5 j(* igs a full refleet-we

subcategory of j s with peflector R¥ and corre nan&ing

natural trami‘ormatmn el e RRE 7% n»j* A'o}plz,?ing

_theoren 2*5{@) $o this result shows thab the sum in j(f
' (»» prcﬁuct in K#) of a seb-indexzed cmllocfsion ol j\a"‘S}}‘i@%ﬂ
i thelp sunm in T s Walle the cosgualiser of g palr of

morphismg in //{ is obtained by ;ﬁ‘ax*ming' their eoequaliser

in 7 . It ie well-known that a map is a cosguallser in J
i7f 1t is o topologilcal identification map. The consequent
clouum of _7\, in / under topological *?@en‘i;ificm:}.os;meax_}s
th% we can speak of an identification map in .7\, vhenever -
the domain of the map is a.%wspacea |
By theorem 2°3(D) the product in Koot a Se"’smindexéd,

collection 31{;15?& ¢ A} mf%¢spaees is

B & P SRR % | . B _- o {(e1l)
R ;x | , N




"whezve x -* K;L is . “bhcw prcﬂuat ﬁ.n j . The equaliser j

in Kot a pai.r of morphiasms £, g EW(I{QL) ig

RA g A o K
A 4

where” A 3 K is "‘théir? equaliser in J o Eq&zéﬁli.sers

in j correspond to subspace maps, s¢ 4 iz an injection |
" .end A has the subspace topology im K . The topology on
' RA 1s strigtly finer then the subspace topology unless

Agj\.a

" ;E.;I‘GPO sitlon Lo fe

A cloued aubsz;ace 0:(: afumsgace is a.//ﬁ-sz;ace@-

Prqofa Given K € 7( ami A < K c:lo ezd,s with t.fw
subspace topology, we regﬁire by (Lz.°3)"- that V<4 be
open in A vhenever {i) g"’;(v) is open in C Zfor a1l

Ca’éy and E,,'Cj(cg*i)&

guppose V < A satisties (1) end C€ zf e JC,R)

are arbitrarys £ (fa) is cloged in ¢ because A 15

closed in XK and £ 1o continuous so £ (A), with the

' subspace topology in C , 318 a compact hausdoeff Space.

£ _p

C.
\U U
£ (a) A
' &

£ ¢ J(C,%) 4induces a contimuous map g:i‘ml(ﬁ) A,

- ol 'l . .
nence £ (V) = £7N(¥) is open dm £7V(a) by (1) .

S R A R




TR IR e R

consequently

3 Beg&usa f"l(A)' has ’shé_suh_sgaee' topology in © S

£1(v) = £7H ()N W for some open set W <€

£ vy B = £V v @)
B TS BT -g-fi‘(;;)

= (:f' l(A) N w) v £ (A)
Cew u £ l(A)

(Whem % denotes complemsms in K end in c)

is o;pan in C since £ l(A) is c¢losed in C g ‘But K

is-a‘//@» spacs am C a‘{ P f e «7(0 X) are arbi‘fmury 80
YV A& is open in K 'by(l;})" Hence Vo= Af\(VU&}

is open in 4 'by deflmuion of su‘bspace 'LOpOngﬁz; ‘ag’

required.

Having completed the topologlcal deseription of the.
col::.mit and 1im4,‘z stmemre of K s WS ami‘a the s;mhal R
The effect of R on a ’130”}0106108,1 snace X is again’ '
dencted by SX ond is called the j\mspace assoelatod with X .
The following thm propésitions point cutb that a variety of

topological spaces are%wSpace

pronosition o8,

4 hausdorff topologleal space K  is a A-space 4ff
V<X is open (respt. closed) in K <= - " (Lplz_)_ B
CnvV is 'fapen (vesphs elos'eﬂ) in C for - | |

all c{}mpac“b ‘subspaces € of K




Proof. (4e12) =» (4*3)'s Lét V <K be such that
g”l(v)_ iz open in C Tor all C € € and g6 J(C,X) «

This i3 50, in par‘ticul ar, whepever g is a aubszmée :
mep in which case g (V) = 0NV, Becauae E is haus--

dcri’f all uhe cozmaact uubﬂgaces of K a:r?e hausxiorf“

(w;;)’ =P (u 12). mupposa V<X 1is such
that Cn '9” is open in G fer all compact mﬂbﬁ})ﬁ@@ﬁ G
in X, Given any De 4 amd ge j(DgK} there exists =

@ egnonical factorisation of g

in J with i & sub-
S:pase ‘map and 7 a surjeﬁ"ﬁieﬁ:, which implies that C ia

a compact zsv'b ‘aaee of K. i‘f}'(v) =GNV is %herr open

in C by hyposhesis, 80 il (V) = 7 l it

(V) is open. in
D by the continuity oi" 7;‘ s Becduse De € and

g ﬁ"j@si{) ~ are arbitrary we have that V is open in K
by (Lhez)t, lence (L°12) ig'éfﬁtabflisheéa Tﬁe arwmen‘ti is.

exactly the seme for Yelosed® replacing o;_:e:m* s
This means that hausdari‘f 7( »Spaces ard preclioely
 {hausdorft) hespaces as defined DY R Bros m in [al, 82,

Consequently K contains the exgrples of this relorence:

whence V is a:men in K 'bJ (14.612}6;_ This vu,rzfleg {L,- 3)%,




3
i
s
i
A
H
K
;

hausdorss topological spaces which are either locally = =

| _‘eompact, first counteble op C¥—-compl exes. Also, by

Proposition 45 and [ 2], Proposition 2¢5, thez*o e*z:isi:

'bcgolagica"i s;;aces which are not f( oD RGOS,

Pronouiti 0N Z.g.*’

Any tmvial tcapologieal bpace X o the amy cpexz ﬂets' |
o are & and X o is & %ﬂ%j}&(‘ieﬁ |

Proof, If vcx is neither # nor X Z,e‘b c ve

the closed - interval of. real nunbers (usual ﬁogelogy)

from 0 ta 2 s
A-z.-.; [O;l[ be the iﬁtervéi K, :é;a l s closefi au Oaﬁd ';'
open at 1 | o .o |
B = [1,2] be the in‘tewal ' ‘1 te 2 9 close& at both ends,
g ¢ G-z-x be defj.ncc?'by :
e8) =x¢ X~ ’M g(B) =y ¢ V,

Then g is continmious 'becau.;e Xeg J is tmmah and

3'(v) = B 1s not open in G . Henee g (V) open in

'C forall Ce¢ 4 and g & -j(u,}:) impliess V=g orp

X, as requireds.

Similarly T = [0,1} 15 a K-space — take .85

a8 abore, with giC e 7 givevz by gla) = 0, g(B) = 1,

Then g is continuous and g "‘(1) B is not openin C |




.36

~ Hote l;.“is -'L'ei;. ;72 andﬁa dem’i‘.é the fu..}.}.. suﬁcatagories_
deternined by the h&usdérff objscts in J end in X
respectively. It is well-known that the "forgetful”
embedding .7 7 nas an ad;joim, H  {see, for mampleg
Freyd [5‘;;\t Chapler 3, exercise K) and 4% can be. shown. thats

. for each X e-:j ¢ HE 1s cblained by making. an ident:is.ica'&icn

- in X (poim‘.eu out by GolM. Kelly in lectures on the existence
of adjoints, 1906), A‘Jsmmg ’th.i.;s zaesul‘i'. e obi;ain a na sural
4 somorpliem B . o | k
e (m{m "j{(ym for ST &:7& Y ej{ (e13)
by the fullness of 'éhe g:a’bed&ing f{ - Jand the alomra
of K in J under 1dentification. ” o

Note L8, In [7], lemma 5°5, B.Spanier uhom '%;11:1"5 thowm
exists o quasiwﬁﬁg‘alcv'ical éyg_acc P with- P Q'IX An Q,-
for any X e j this implies that P X din. /P for any
X ¢ Jo Decause X = 85X in P by _(L;.‘:%)ﬁ 7( --ap,i.s.% not

s dense functor and thus is not a category equivalence




© CHAPTER 5.

Carﬁééian'cloﬁure éfJﬁf,
Por any quasi-topological base P and topologleal
space X a functicn apaca tapolcgy is definable on -

F(P,x) which enables theorem 3°3{1) to be established

.When uéV J?’

Definition. Given P & ff’ x .s:j'g Ce& pnd g eP(c p)ﬂ
he J(X,T) let

The tonclogy generateﬁ 0n JETng) by the Qpan subbase
conbisting of all these sets deflnes an Objecu [P;X} 6C7

Remarks When P=K is a'hauadorff.jy-gpace, [K#A}
is clearly the set P, x) nj(a X) by proposition Lel)
togcther with the crdinarv campactmopen t9p01053 (as defined
in Xelley [6] p.221); for sach é € é?g every g eéﬁka,ﬁ)
is contlinuous by (&“2) and factors eaﬁonically in Q7
through a unigue compaéﬁ bhausdortf image in Ko IiIn
particular, when K = C € , [C,7] 1is the set J(C,T)
(= the set of closed sots of C) with ﬁha.zapolog-

generated by an open subbase comprising all subsets

2 {2 e J(C,T)|£(a) = 0] TS

where A is a eompaet (« closed) rubwet of O .

V(gm) = (£ ep(,p,.,mnfg(c; '3 e

e ]

ISR T,




mmet o firet smow

j(DxO T) j(Dﬁ[C T]) fOI‘ all De ‘f (5+3)-

B _.‘._under ihe map Gr—a- & given by

g(b)(c) = E}(b,c) for a11 'b € D ami ¢ e c .

(5 E}y (5°3) is proved b,:,r showmg that u G-“I (0) 'is
en in I) x C (that is, G is ccni.inuous) iff

(a) given eny b € D Y the seb - g('b) 1(0) = ceclg(b)(c)moi
, o | ’-“{35‘9! (bsc) ¢ W}
s open in C (tha't ié,. g(D) ‘_7(093.)), '
('b)" | givea any ccmpaat A e @ K the sat ) ; |

gV, = (b ¢ Dlg_,('b) :-:V}

B

wgnm@xmgo;'

gb'e’ntetbxﬂ)"n o;"ff_;"'”

.ﬂ_

= {bé‘D]'becW}
is open 'in D (that :i.s, g is eﬂntizmous)#

=>_ {a) follows imediate:t.y from the contimuity of the

| .map' G b (bge). for each b e Do Any ;éoi.n't. b, €D ig
compact. Kélley [5]9 theorem 5+312 st'atesa. ‘i;haﬁ there then
exist Ue=D openand V<  open such that 7

-i‘box AU xVa W ; because A' ié compact and W s open.
So bc'eﬁfiibabi'beC.'lé"J}_Wlth U open in D, |

“whence (b) .




@ . For a1l (bc,c ) e W the set fece cl(‘b 20) € w}
‘45 open in C by (a) and contains - % + Because C¢€ {
C is a regdlarﬁc’ayoiegical ap_aée 80 there‘exist V open

cand A closed (hene'e compact) in © such 'that '
66 ceVeAc fc e CX(E s¢) ¢ W}

" Thus b, € U= {b e Dip x A =W} which is 0pen 'by (b)&
" This means (bose ) € Ux VW ‘whence W 45 open as
required. | N -

T(DxC5T) = F(DxC,T) and

J(D,[C,T]) ==JO(Da[CsT}) by (uiz) " hence ,
b:,r aemnition of F(D, (€, 1)) (see (361)) .

ﬁ(ny(c ) _f?(zs,[c Tj) for all De 5
The rasult folle*vs from p}:*oposition 1*1.. | o
_ | ._g_ag;ﬂnmm_@_j__"”. For each. C eb, & Efj(c P) ard ‘n 6T (%q T)
3 the map F(g,h) s [P.X] = [C ,'1.‘] is eon'tinueus.-
Froof. Tgk_e a subbasic apen set -~ VA Of {CsT] ffez' |

- pome compact A < C . Then

Plem vy = {2 eP@0|Alew)t = o5 ¢ V)]

i

i

_{f eﬁ(?,ﬁ{}ghi’gi(}\) = 0] where

ishA - C denotes ths inclusion' A< C
= V(gi,h) by (5°1). Conseguentily

ﬂ-’?(gyn)“l(vA)' 1s open in [P,X] by definition.

‘\‘-ﬁ.aﬂ.g‘-“;’:u-{ —— f s it -:‘-".‘ : e |

e e




Theorem 5*3. o

(PeX) = {I’,X] in JD for all P ¢ P, X € j

Proofs, TFor all C,D ¢ é’, g e ﬂ”(c P), he ;7(X,T) S
and T ¢ J(D,F(PoX)) the dlagrams o
£x1 P gon)xL

*_"Dxc—'u-e-[m]xc . «[CsT];gG

we || e N \\\\\ T

'Dx}?—-;—.-———':; -W(P,X)xl’ X
Pl P g B - o
' where e denotes the pelevant evaluation mape o (544)
Moreover e:[C,T] % C - T is chontinuous '_ o (5 +5)

by Jemma 5°1 which states that [c T] = (0yT) » and

(3¢2) which states that e3 (C, T) xCo T is J’:’wcominucus, E}
Hence, for each C D ¢ g » & e&f’(c P)g n ej(xg'r) R |

and £ e/7(Ds (P, %)), o

<) = DF o Pe,gye - 7 % e,-../;ocnxy X w (s 1)
=p ;‘,(fo(ggh)f) = e{i‘o(ggh)xl}(fxl) ::“P(Dxc "f) by (5°ﬂ)
s P(g,h)E € W(z:}g(cg'f))- by (3°1)

4$c¢9(ggh)f e J(D,[C,T]) by lemma 5°1 and (he2)

= f’ (V(ggh)) is open in D beccmss




RORGCENSA

= {f e (a0 | Pla,m)e ¢ Vol "

i

Sf_ef’(m)thfg(c)_s 01 by (5.2)

s
x>

&

V{gyh) by (5°1), and

(ii) the poing VC ..s.s ope.n :In {C,7] vy definition,

' Hence i’ 6‘\7(139[}?91{]) hy definition of [ PoX] 6
-Conservely L e j(D,,[Pﬁ}{]) | .

3 .

(g, h) 1) (£x1) & /ADxC,T) ;J(Dxcgw) for a1l
C e{ ¢ .g ?;JO(C,P} and h €;7(X9T) s because
(1) e e/X[01] x 0,1 by (545), and |

B (ii) /’(ggh) éj([? x], [CsT]) by lema 5 2, :'

=8
=l
C il

=$

all

he(fxl)(lwg) ej(yyc 7) for all c et? g cﬁ(c P)
and h e (X7 by (5°4) |

e(£x1) (1xg) &'j(ExG x). for all Ce€ and g sﬁcgy)

by (4e1) - . . e e

e(fxl) (lxg)<£/) = e(i‘yl)(g) ej(ch) for a1l Ce€ ,

g e/AC,P) and 6’ e 4(c, D). '

r(f) = e(fxl) ef(.yx}“lgx) b:y (1 1) .

£ e, (r,x) by (31) .

Thus W(D,(Py{)) = T(@.Ir,x) o

= P(D,[Bex]) by (4e2), tor

De ‘t‘f, whence '.

CpeX) = [p,x] vy proposition 11,
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Proposition 5‘@

% is a cartesian closedﬁ categoryo

Proof. By theorem t;.*.’z and proposi*‘uion 3 4y it suffices

to verify:

(1) Peﬁ Le]( w2 (P;L) s%

Peking X = L ¢ A in theorem 5e 3, we ohtain

C(PLY = [PeL] in A |
‘ = 8[P,L] in & vy (-Lpa)'f
¢ %by (4e7)y for a1l Pe F, as
'mquirede | | o ‘

Alternative proof, Thé reSult glso foliowé di.:éec’tly '

Lrom lemma 5¢ 1 by theorens 3°3 and !.,°2, ‘tagethe:e wi’th
proposition 3+h, it suffices to verify: '

(v ced,Pelf = G;SP:S(C;P)' in P.

By definition of S (see {L4°4)),. C x P and
S(C;P) have identical underlying sets ané._ ' '

j(u(cxv)gfr) = ﬁ(cxP,T) ‘

uz

Also &O(CxP T) p(”.«:ﬁ 'l‘) b:f the natursl cmmztatﬁ.vity
d cf praducfss

P(p,(C,T)) by proposition 3+l

P(P,[C,oT]) by lemma 5°%L

J(5P,[C,7]) vy (4°5)

it e

i

= P(.SPF[G,T}) Wy proposition Lﬁl singe BF ¢ X

SR A R e T s . R N

TR 2 R AT




= AsP,(C,m)) by lemma 501

2 ﬁ(sygc,r) by proposition 3°1
% ﬁ(c;srv,w) by the natural comma‘hivity of

praducts
= \7TCxSng)l' by (4°3) because c M SP eJﬁu
o _ 7 - '"-by theerem 2'3(&) ‘ |
Hem,e J(s(cxp),fr) ---.7(CxSP T) which means thab s(cxp)'
and G‘; SP have the same open sets, as required,

The reason for inztodusing [P X] for each P ¢ f?
cand X 5‘57 and thenp?oving theorem 5*3, is to demcnstraue
the relatxanshin of (P,X) ¢ & to the compaet»epen '
topology when P = K ejkf

Proposition 505,

X

-2

is a cartesian closed category,

 Proof. For each Y ¢.7 we have

(1) s8Ye J?, by (4+7), and
(1) 1, ¢ J(sY,7). on taking P =Y in (Lwﬁ)

Hence ¥ 6‘57 =3 HY sjy o le : L['.f"- | (5’5)

Let P =X eﬂ_ in | pgx} « It has already been
remarked that [K,Xl ié the ordinary campactmaésn.topGIOEy
_on the set Q7(K9X) .+ Kelley [6], ﬁhearem.?*qg states, among
other things, that [X,X] 4is hausdorff whenever the range

A . . 2
space X is hausdorff, lHences on taking X = L e}ig 3

Lkt e




ERRENE RS

o (Rel) = [1{51_,] in P by theorem 53
o = S[KL] in F vy (408)
e K, vy (506,

1% Tollows from theorem L°2 and (}.;.513)_ that _7('2 4a

Y

Ca full reflective subcﬁ%egcry or F hence, b;y? theorem

23(a) K x L e X, for all K, e K, and » e Ky
2 is a eartesian closed e‘ategory b_y _coséqllast'z.

paus K

Proposition 5°5 is obbained by Re Brown in [33§
thec:z'ém 33, by direct topological calculéﬁion;" This - '
chapter is concluded with e useful ‘eonsequence of
préposi'i;icn Sely,

Corollary 5°6. The prdduet' in .% of two identification "

4 o ' -
maps 7 € /C(K.,,,-A) and K € .7{(31..38} is an identification map.

. Proof. Products in any category are coz_rﬁmtat.ive (provided

- $hey exist); that is, we have natural isomorphisms

eAL: A‘ML—?.L x..& |
and cBA:BxA-*Ax_B in%a
Bach of the_ functors » x L and < x A‘:j\{-ﬁ f\{ras a

coad joint, by Pproposition 5°l, hence preserves coequalisers

in//ﬁl = identii‘ication maps in .7(: (see Qh.'azjter hle 7 X [T

is thue the composite

7%l Car, pxd ::E "

ExL = AxL &% LxA =» BxaA Ax B

| of identification maps. Since this is again an identification

map, the result follows.
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CHAPTER 6. ~ « o~ % el v

_ Congluding Remarkg.

1, A ~5pace Groupg. _

. Phe aim of the preceding -chaptéréﬁas t0 demonstrate
the cartesian closure of the subzategorles ﬂ // and 0('2
of P ana, for K erd of , this was achieved by ‘estab-
- lishing ﬁhe resulis of -ﬁh’ebrem 3%,  The stronger C¢Ow
sequences of this theorem will be i'nait_:ated briefly bel"gw,'“
for tbe category_//(/ | R o

Le'i:. ./4 denote any one of the categories p .Q

;7{2; j Anﬁm;mun is defined to ‘be an ¢bjlect A €J4
together with a group structura w10 the crdinary sense -~

on the underlying s_et of A | such‘ that -'l;h.e maps
{4) 'mulﬁiplica’hion ﬂ.&m,}f A o> A

” (41) inversion _ bAfA f-fA ¢ and

| (i’ii) identity B .8;&%* - A.g' o

determined by this group structurs, 'ax‘e morphisms in u‘go

Given f?‘?-ugroups A and B, an J*%'»g;omn homomorphion

from A %t0o B is amap £ ef‘/_-g(Agﬁ) such that

& M commutes,




w‘g«-groups and ﬂwgreup hcmomox*phisms Torm a subcategory

prg of ./4 for exampleg Gpj is the category of
topological graups and continuous homomorphisms beltwsen
them. - There may exxst many ﬂmgroup structures on u
given abject A e\/‘g hence the ”farget:{'ul" embedﬁin,g
Gp./‘?..; 4 is not ob;}ect-»injec-twe, ‘,

If any :f‘unctor‘/g 6 between two of the categories
P, o7 X.ﬂé Js preserves all finite products (including

the empty product # ) of ob;}ects in A then it induces an

obvious functor Gp‘/g-i . In particular, the full
embedding funetors ‘/( % and J(w f) ef chaphew I

- are reflective, hence iz}duee £ull embe,idings G»pJ? -y Gpﬂ
and Grp/(.-a G—pﬁ r*espectively,

Fropositﬂcn 6°1l. - :
The full embedding Gp/”( - c—pﬁ' is reflective,

Proof, f was shown to be cartesian closed (see
proposition 5*1;.) by vefifying_ that X s tagether with the
bad.;join‘b functor 8:4° . X and natural ‘transformation
£ 318, getisfied the conditions of theorem 3°3
Condition (iv) of tm theorem states that § preserves
all finite products of objects in ﬁ {clearly S
preserves the 'E;exmirial ahjfect‘ & op since 1t elready
lies in -/() hence £ induces a functor S’;Gpu//gm> Gwpf(,




'Eoreover- 5PSP-¢ SP s a.éZLgroup homemorphism for each
P e Gpdi) ‘because i% is the iﬂcntity set map by (u°6).

thus ., Gpﬁ( ’PgL) Gyﬂ@(P L)

- is immediate from

P W(sz? B »ﬁ(P,L) :

for all P ¢ Gpéﬁj and L € GpJ(_g as required for gt
to be adjoint to GPK-» Gm/l’. : |

- Phis result is usseful besauﬁe 36veral cahcepté of .
group theory can be slmply imitated in Gpdﬂy - For a
dﬁngroup K- ta be & t0palogieal SrOup, 1t is elearly'
sufficient that S :

| 1{;21{;'1.{;1{'3.:1.5;. - |
We thus obtain, as examples cfljﬁ;graups,toyoiogiealf_':
| groups which are hausdorff and eiﬁhér locally compact
or first countable (by {2], theorem 2°11, where Re Browa
denotes K ; X by K x_ K) and ~groups with %he triv;sl

topologys

2s A Pepresentation of JCL

&£>admits a represeniation éa-a cabegory df fﬁncte?s«
Let [é?$$xf] deﬁmte the “"categoryYy whose bbgeéts are
-functars'frem.é?$ to A§ and whose morphisns sre natupal
transformations between such functors (this is not a

proper category in our sense of the word, because the




natursl transformations between two funciors may not form

e set)s Por convenience, axiom Ql will be used to '

idanﬁ'ﬁi‘y P (=,7) with the seh P for each P eéo
An embadding E:pw [rf gﬁ] j,s; givan 'by :
o o 1‘1‘3(0) ﬁ(cpr’) ) L
(6) & Pla)O0eR) »PCer) o and
E2(C) = P(1:8) 30 Cs2) » FP(Csa) o for |
all Cpe€ Pygel” s g€ 5({‘:,2}) and ¢ 65‘9{?,@) &

‘B is feithful by axion QL. Morveover B is full: let

QiEP -+ By be & natural transformation for some P ard

Q aﬁ 5 ami £ = 03P +Q 88 a seb maps {{5}5‘@3’1’? for 211 o
cet€ sacec mﬁ(%c) ¢ and g € {c,®) , we neve
fg(&) = o g{a)
= @, oa1) ()
= ffo {sal)& (g) vy ‘E}h@ ﬁﬁﬁw&liﬁy of ©
LY (%‘)(ﬂ) ¢ -

Thus fgmﬁ‘l({;) ﬂ'ﬁ‘ﬁ&@) for -’all gef 'am‘:: ge‘a@( 753 I

whence £ EF(Ps@) by (l“l} fmﬁ. by = fg(lmf) ¥ all

'G € g ¢ 5O raauiredo

The aymbol B will zicmf he emiﬁf;&ﬁ.— The ﬁxv‘i v:s,al bas&
onn o sebh X 1s ﬂ.ef‘incd to be TA where _T is the wa&i*oim

of U 2P o {sce pzacmasimcm 1*3(‘9)} .




PR R TR R R YR PSR

Prcnosition 6:2. A functor 8 . [é? ,an

topoloﬂlcal base iff it is =n subfuncbor of a trivial bass.

AU CILLET RS S S TR

13 a quasi~

s T

Proofs 'Glearly any base P_ is a subfunctor of the

asseciatea trivial hase TUP o

Converfely, 1et 16" ”ﬁzf be a functcr, P a trivial

- basge, aﬁd

Gy ﬁ(""ﬁp) = /@0(“5?)

be a natural transformation with all components

ions,
In the natural map

R ACR) R A(se, sn) ,

ihjectw

Which defines the funcior § on norphiumsg t.ake D = % gg

and define

By 8C ”’/J?G g)

as sc(f)(a) o Sc%(a)(f) fcr all f €30 and a€C .

It follsws from the naturality of SLD' in each variabla

that sc is natural i%x ¢ , By the naturality of e

Adic,p) -

GL(a) ] Ay

@# ""/J(“nP)
commites for all a ? C e
For all £ €8¢ and &€ C
(J(2,% Vo (1)) = %, (85(0) (2))
o - = 0 (S, (a)(£)) by

tH

definition of

_(601);




g | = (% .gc*:('a)) (f)

-'z,ef(a,l)ﬁ (£} vy (6 1)

| = a:c(f)(a)

 In other words - = Oy

- BC J}AJ(G;é)f:

c,8%)

cbmmutes,' whence By is an injectlon for each C ¢ {f
because each s is an injecticn 'by hyp@‘theai&u

A q,uasimtmolsgical base is now defined to ‘be the
set 8¢ together with éa(c,sw) = SC c:xf(c,s%) cor
each Ce € .,
_'Axioﬁa Q2. holds because, given any £ € £(¢,D) and
g:e a0 ﬁ_p{]}gk:"") | ' o ' '

LB o
sp jn — (D, P)

S | . :._ - (e,1)

86 — - J (0 P)
"6 SR
commutes by the naturalit:)r of 8 s hence gt € bc f’(c S“'
by definition.
‘gl. fellows from Q2. since |
| J(,5%) = g = P(x,8¢) by definitions
5}3:11' dei‘im tion of fg«w {f /J] g O \~?3.uh this p«mbruc ture

is uha :(equwea base,.
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It follows that the functers from € = to o which

represent guasi=topological spaces ore those which
(1) -ere subfunctors of trivial bases, and

~(41) preserve all finite limits in € .

' .397. mpc}le,crieal E>Eace

It is apparent from @2 that the process by which /3
.is constructed from ’f depende to a very limited extenﬁt |
~on speclal properties of the category 'g A similar
- process cc:uld be anplied to any category which, like ”tf
(i) is s cetegory of sets-with-structure and
. morphisms which are set maps, and _ | |

(ii) has a terminal generator which fepresem:a the |
underlyinm'set functors | -. _ . | |
Two additional excmples will be deucr:r,bedo g

Let f denote the category of ;;inite__sets_ and set
mepe and 7 denote the category of simplicial comp). exes
and simplicial maps ([4], IV, 87)s 7 may be defined es
_f'ollowse An object of 7 is & set U togethsr with a

selected seb F(n,U) of et maps n-» U for each n ¢ :} s

satisfying: _
L, ) = A0 |
Foo £ ¢ Flmn) and g 6 F(n,0) =» gf ¢ Flm,U) .

An element of F(U,¥) is a set map £30 - V. such that
g € F(n,U) =» fg e F(n,v) for all neJ, F is then

s

F:E&Lcﬂ

s
i

S e
R R

[k

i
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cartesian clo ed :i;n nreemely the same mamwe:-r :in which
A secorﬁ exaniple s sug sested by G M Kelly e arises '
fz*o*n two deflciumies, the firsi of W.hieh i5 welleKnown,
Pra«gmition 6°3¢ | SRE IR

«.7 is mt a8 cartes:i.em closed category.
Ma Let Q@ ‘be the rational- numbers as a ssubc;pae |
of the real line (with the usual topology). - x Qs j j
does not _preser*m the coequaliaer (:z.dant.ii‘;ethn map)

@ Z A dinduced by is’:’eni}m:{‘ying the im;ege.os Z G0 8 |

' sj_ngle point in @ (Rouz»sa}:i [1] > pe 151, exerwige &)s

Thugs « x I does not have a coaaaoint.
econﬂly the @mbedding <.7 fj is sean (chapter Ls.)

to be of no value in applmations where a space X ¢ J is
not slloved to be identified with its associateaf (wspace SX .

| , Suppose { is replaced by j i‘sseli‘ and j is ccm- E
btructed in place of fj Denote the sets defining an.
object A€ j s and satisi‘ying;ﬁher snalogues of axioms g,_l
and §2, by ﬁ"(xgﬂ) for eé.c:h. b'd € ja Then T is fully
embedded in a natural way :E:q. 7 which, _1ii£e 72N is.:
cartesiasn closed. | | o |

Can & smaller cariesian closed category 7/ in which

j has a full limit preserving embecltling, e obtained from
| j ? A suliable process for _Be_lecting sx;tczh.a .ﬁull G e

category of j may be based on 'i*.rxe way 0‘2 is obtained

A R A B S e

SR
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'.from &0 Consider the class of those colimits in J which

are preserved By = x }E j - j for cach X ¢ j This

[4

contains all the sei indexed coproducts in j , Logether
with a class é of identification maps in J . ‘Take 7

'.‘co be the full. su‘beawﬂory of j determined by ﬁhose A € j

which satiufy" , _ . o
— b2 15 a set indexed coprodue'a in j

VE; it X?t' o

then o _ o _
£ ¢ T(SX,,4) <> fa, ¢ HXA) for each A6 4.,
_ A - .
Ve If ne ..7(}{;3{) belcngé 0 é then .
fe "mA) e £ € "’T“(:{--A} >

The ref'lectivz.ty of @/ in j arad the comequent
c'arte:sian closure of W/have recently been proved ina
nore g@m’I‘al setting, The raflmting funcior is nod hm:»-
ever given explicitly, as it is fopr the case Fi fj o?
in chapter 1, and the proof of existence will not be given

here.
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